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Definition (Normal Distribution)

Given a real-valued random variable X: QQ — R, it follows the normal
distribution with parameters pu, o if the probability density function (pdf)
of Xis given by f: R — R, :

1 _ew?
Vx @, f(X) = We 202

X~ N(u, 02) means X follows the normal distribution with parameters
w,o. X~ N(0,1) is called the standard normal distribution.
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Given X ~ NQH,_q?), compute the following:
(a). E(X),E(X?), Var(X);= Ex*— (EX’

(b). E(IX!)\Eg%&% with K fixed; E(i)=E(XLexoy+H)1
(c). E(e™) for t fixed aracteristic Funct)ion).___ g{;}i zo'szé_ﬁr )

A

\

Note that f{t) := E(e**) is called the Moment Generating Function.X"X-Ifxaq
DB Loy~ EX+HEM
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Suppose Xk ~ N (pik, 07), lim px = p,limog = o, and X, — Xin L?.
Show X is a normal random variable with E[)‘,;lr‘: ﬁﬂ and Var(X) = o2.
Y N

N—""\_-~

) = & : -9
Review: 6—6\22}*/“"5;\%\_ e ZGLO(
convergence in L?-norm: {X,}2>, converges in L°-norm to I
iMoo E(|Xn — X[2) = 0. = e/wt—%%z f

convergence in probability:
{Xn}5°; converges in probability towards X if for all

e >0, lim,, P(|X, — X| >¢)=0.

convergence in distribution:  {X,}%2; have cumulative distribution
functions(cdf) {Fn}>2 ;. If lim,_ o Fn(x) = F(x) for every continuity point
of F, then {X,}°°; converge in distribution to a random variable X with
T e

relation: X, — X=X, — X=X, — X

Lévy's convergence theorem: {¢,}>°; are characteristic functions of
{Xn}oz1- If @n(t) — &(t) for Vi € R, and ¢(t) is a characteristic function
of some random variable X, then X, converges in distribution to the

andom variable X.
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Since X ~ N (,uk, ai), so the corresponding characteristic function
2

oi(t) = elt=5E

N — tt——— ] 0_2

It is obvious that ¢(t) —(o(t) \= e’“t_thf&rV; € R, and ¢(t) is a
characteristic function of a random variable YNA/(,LL,JzA), then X Loy

Since X, H;2> X=X, L. X and the limit is unique, we have
X=Y~ N(u,oc?).

Xiangying Pang (CUHK) MATH 4210 Tutorial 1 16 January, 2024 6/8



Let (Y))jen be a sequence of i.i.d. random variables. For any
jeN,P(Yj=+1) = 3. Definefor ne N, X,=>1,Y;
Show that (X,)ncn is @ martingale.

— y

Solution:

In order to prove that (X,)ncn is @ martingale, we are going to verify by
definition.

1. Fix n € N,

n

E(|Xal) =E(| ) _ Yjl)

=1

<) E(|Yj)
j=1

1 1
n(1x 5+ =1 3)
= n<oxo
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2. Fix n € N, denote F,, = o(Xo, ..., Xn).

IEj‘()<n—|—1’]:.n) — IEj’()<n + Yn+1‘Fn)
— IE:(Xn‘f"n) + E( Yn+1’Fn)
= Xpn + E(Yn+1)
— X

By 1 and 2, (X,)nen is @ martingale.

It still works when P(Y;=2) = 3 and P(Y;=—1) = 3. (Xh)nen will still

be a martingale as long as the expectatlon is 0 (Exercise!).
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